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Analysis Model for Hybrid Magnetic
Energy Harvesters

Daniel Monagle , Graduate Student Member, IEEE, and Steven B. Leeb , Fellow, IEEE

Abstract—Current transformer magnetic energy harvesters
(CTMEHs) harvest energy from the magnetic fields surrounding
electrical conductors to power sensors in a battery-free manner.
Detailed, nonlinear analytical power harvest models for traditional
CTMEHs have been presented and validated, such that designers
can quickly predict and evaluate CTMEH performance without
the need for intensive finite-element simulations. No existing power
harvest model, however, has been presented for “hybrid” CTMEHs,
which are composed of multiple concentric transformer cores of
different materials. This article presents and validates a power
harvest model for hybrid, multicore CTMEHs. Our proposed
model is validated at a variety of primary current excitations for
multiple, nanocrystalline/silicon steel hybrid harvesters, each with
inhomogeneous cross sectional areas. The model agrees with exper-
imental data throughout the unsaturated, soft saturated, and hard
saturated operating regimes. This power harvest model is a tool to
accurately predict the performance of hybrid CTMEHs, expediting
the harvester design process and allowing for optimization of design
parameters accordingly.

Index Terms—Current transformer (CT), energy harvesting,
hybrid core, magnetic core, nonlinear modeling, saturation.

I. INTRODUCTION

PREDICTIVE maintenance prevents equipment downtime
by flagging and diagnosing operational wear or anomolies

before they become critical failures. Condition-monitoring sen-
sors collect the physical data, such as vibration patterns of a mo-
tor that predictive maintenance models interpret to monitor ma-
chine health. Traditional sensors, however, are battery-powered.
Consequently, a massive network of condition-monitoring sen-
sors demands an inconvenient, impractical battery replacement
process for each end node in the network. An alternative solution
to powering sensor networks is energy harvesting. Sensor nodes
can forgo a battery supply if the system is designed to scavenge
energy from its installation environment to power itself. Such
energy harvesting enables a new class of battery-free sensors
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that power themselves intermittently and thus require little to no
intervention after installation.

Existing literature has studied a multitude of harvester types.
For example, solar [1], wind [2], vibration [3], and thermoelec-
tric [4] transducers, coupled with their associated power man-
agement circuitry, have been demonstrated for mobile device,
Internet of Things, and sensing applications. Even within each
harvester class, the specific transducer implementation often
varies. In vibrational harvesters, for example, existing solutions
include cantilever beams based on piezoelectrics [5], permanent
magnets [6], and combinations of the two [7]. Furthermore,
some recent works have developed “hybrid” energy harvesting
systems that have the capability to harvest from multiple differ-
ent ambient energy sources [8], [9], [10]. Each desired sensor
installation site (e.g., wilderness versus factory) naturally lends
itself to a specific subset of energy harvester types based on the
abundance of particular forms of available energy (e.g., solar
versus magnetic fields).

Current transformer magnetic energy harvesters (CTMEHs)
harvest energy from the magnetic fields around ac transmission
lines and are therefore especially apt for industrial settings.
CTMEHs typically exhibit relatively high power harvest den-
sities and are not subject to the same environmental variability
dependence exhibited by solar or wind harvesters. Just like the
installation of a standard current transformer (CT) used for
ac current measurement, a CTMEH consists of a “secondary”
winding wrapped around a magnetic core that is clamped around
one or a few turns of ac current-carrying conductor (the “pri-
mary” wire). The time-varying magnetic flux passing through
the core induces voltage at the CTMEH secondary winding.
The key difference between the standard measurement CT and a
CTMEH is that the energy transferred to the secondary winding
is primarily used for supplying power to low-power electronics
and sensors in CTMEH applications. About ten years ago,
Moon and Leeb [11] revealed the unintuitive result that allowing
the CTMEH harvester core to saturate yields maximum power
harvest [11]. While saturation is often avoided in other magnetics
design applications, proper modeling and control of saturation
is desirable and necessary for high-performing CTMEH design.
Moon and Leeb [11] presented a nonlinear power harvest model
to capture core saturation behavior and enable refined design
of this nonlinear energy harvester. Recently, we presented a
generalized analytical CTMEH power harvest model, which
did not rely on the assumption that the harvester core had an
extremely high permeability [12]. Other power harvest models
for “single core” harvester designs include [13], [14], [15].
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In addition to modeling harvester physics, augmenting a
CTMEH with additional hardware and control for enhancing
energy harvest has also been of great interest in the literature. Dy-
namic manipulation and timing of the CTMEH core saturation
significantly increased average power harvest at high voltage
load levels on the core secondary [16]. Desaturation strategies
using active switches and reverse biasing for enabling multiple
harvester power transfer windows per half cycle of primary
current have also been demonstrated [17], [18]. Alternatively,
other works have presented control windings for manipulating
or desaturating the core flux level [19], [20], [21]. Passive
techniques using a series capacitor for shaping the core flux [16]
or a parallel capacitor to resonate with the core magnetizing
inductance [22] have also been shown to increase power harvest.

This article is primarily focused on the physical modeling
and demonstration of a novel, “hybrid” CTMEH design that
is constructed from multiple different magnetic materials. In
the broader energy harvester literature, “hybrid” is often used
to describe harvesting systems comprised of multiple different
energy harvesting transducers (e.g., solar and radio frequency).
In this article, we use “hybrid” specifically within a CTMEH
context to refer to a magnetic energy harvester that is built
from multiple different core materials. Some unconventional
core designs and geometries have been previously explored in
the literature. Gao et al. [23] proposed and validated a nonlinear
power harvest model for a cascaded core structure of an easily
installed split core followed by a high-permeability ungapped
core. A series-connected multicore system, employing a har-
vester core and current sensing core, was demonstrated in [24]. A
comparative study of several single core and multicore harvester
designs was presented in [25]. Wang et al. [25] focused on startup
performance and evaluating the “working range” of primary
currents over which each core topology could operate without
entering undesirable, hard saturation. A split, multimaterial,
dual-core design was presented in [26], where 3-D finite el-
ement simulations were run to explore the effect of different
air gap geometries on the secondary winding induced voltage.
The authors in [25] and [26] introduced dual-core CTMEHs
with the intention of leveraging high saturation flux density
and high permeability magnetic materials in the same harvester
design. No existing work has proposed, derived, and validated a
nonlinear average power harvest model for a hybrid, multicore
harvester.

This article presents detailed mathematical modeling and
validation of multicore, hybrid CTMEHs that are constructed
from concentric split toroids of different magnetic materials.
We have recently demonstrated a hybrid CTMEH in direct
comparison to traditional, single core nanocrystalline and single
core silicon steel (si-steel) CTMEHs [27]. Our recent work
validated nonlinear hybrid core flux models in SPICE under
resistive loading conditions on the secondary winding, but no
mathematical average power harvest expressions were derived or
validated [27]. This article presents the mathematical framework
for modeling the power harvest of a saturating, hybrid CTMEH.
Fig. 1 shows an illustration of a generic, n-material hybrid
harvester. The hybrid harvesters consists ofn concentric toroidal
cores. The secondary winding of the hybrid harvester is wound

Fig. 1. Illustration of n-material, split core hybrid harvester, where different
shades of gray denote different core materials.

Fig. 2. Cross section of n-material hybrid harvester.

from the innermost radius r0 of the innermost core material to
the outermost radius rn of the outermost core material. As shown
in Fig. 2, this yields an inhomogeneous harvester cross sectional
area encompassed by each secondary turn. Thus, the flux linkage
of a winding in a hybrid CTMEH changes dramatically along
the radial (r̂) axis due to the diverse material composition within
the cross section.

The fundamental value of the hybrid CTMEH is its ability
to effectively harvest power over a very wide range of primary
currents. Conversely, single material CTMEHs, generally per-
form well only in limited primary current ranges according to
the magnetic material properties of the single harvester core.
Effective initial relative permeability μeff and saturation flux
density BSAT are the two vital magnetic material properties that
dictate the performance of the CTMEH. Higher μeff materials
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TABLE I
SIMULATED POWER HARVESTS OF COMPETING CTMEH DESIGNS

promote strong coupling between the primary and secondary
windings, while BSAT sets a ceiling on the total flux that can
be effectively transferred through the CTMEH core before it
becomes hard saturated. Considering practical, commercially
available cores, however presents a design tradeoff. State-of-the-
art CTMEHs often use either nanocrystalline or si-steel cores.
On one hand, nanocrystalline alloys can have effective initial rel-
ative permeabilities in excess of 100 000, much greater than that
of si-steel; on the other hand, si-steel has a typical BSAT ≈ 2.0T
that is nearly double the typical BSAT ≈ 1.2T of nanocrystalline
cores. As a result, nanocrystalline cores outperform otherwise
equivalent si-steel cores at “low” primary currents, which de-
mand very high permeability to promote strong coupling and
better harvesting. Under such conditions, the excess headroom
of BSAT provided by a si-steel harvester is underutilized. At
“high” primary currents, the magnetic fields are so great that
coupling is not a critical issue, and the higher BSAT of a si-steel
harvester causes it to harvest significantly more power than an
otherwise equivalent nanocrystalline core. Consistent with the
above-mentioned logic, a hybrid harvester consisting of both
nanocrystalline and si-steel, can leverage its high μeff at low
currents and its high BSAT at high currents to yield strong power
harvests over a wide range of primary currents.

To emphasize the fundamental value of hybrid cores, four
illustrative, three-material CTMEHs of identical geometry, but
different materials, were simulated with the power harvest model
that we will propose and validate in Sections III and V of this
article. The model assumes a dc voltage load connected to the
secondary winding of the CTMEH through a full bridge rectifier.
Each hybrid CTMEH design consisted of an inner split core, an
outer split core, and a small air region between the inner and
outer cores. Two of the CTMEHs were simulated where the
inner and outer split cores were the same material: either only
nanocrystalline or only si-steel. The other two CTMEHs were
hybrid designs, where hybrid “H1” refers to the design with
an inner si-steel core and an outer nanocrystalline core, and
“H2” has the opposite ordering, with an inner nanocrystalline
core and an outer si-steel core. For different 60 Hz sinusoidal
primary current (IP ) operating conditions, the dc voltage load
on the CTMEH secondary was swept in simulation to find each
harvester’s maximum average power harvest PMAX at each IP .
The simulated PMAX values are recorded in Table I.At each
primary current, the greatest PMAX among all the designs is
highlighted green. Red highlighting denotes the smallest PMAX

at each IP , unless that “worst” PMAX among the designs is
≥70% of the best power harvest. When the worstPMAX is≥70%
of the best harvest, the cell is shaded orange. Otherwise, the
power harvest is highlighted yellow, indicating that it is not

Fig. 3. Lossless CTMEH circuit model with full bridge rectifier and constant
dc voltage load on the secondary winding.

associated with the best or worst performing CTMEH design,
but that it is still ≥70% of the best-performing design at that
current. The simulation results emphasize that a hybrid design
maintains a competitive power harvest at “low,” “medium,” and
“high” currents while the nanocrystalline and si-steel thrive or
suffer depending on the primary current regime. That is the
key value proposition of the hybrid core. This summarizing
table introduces some intuition about the utility gained from a
hybrid core, but a formal derivation of hybrid CTMEH saturation
characteristics and power harvest is necessary to catalyze further
exploration and design of these systems.

The key contribution of this work is the derivation and vali-
dation of a nonlinear power harvest model for saturable, hybrid
CTMEHs. We aim for the model presented in this work to enable
designers to investigate hybrid cores of a variety of material
compositions and arrangements. The rest of this article is struc-
tured as follows. In Section II, some background on the CTMEH
circuit model and its typical voltage and current waveforms is
presented. Certain relevant features of the CTMEH circuit are
highlighted, as they will be critical to the detailed nonlinear
power harvest derivation. Next, in Section III, we derive our
average power harvest model for a saturating, multicore hybrid
CTMEH. Section IV elaborates on model augmentations to cap-
ture the effects of parasitic elements, such as core loss, on power
harvest. Section V presents the experimental setup and validates
our power harvest model against two, different, experimental
hybrid cores. Section VI then discusses implications for hybrid
CTMEH designs. Finally, Section VII concludes this article.

II. CTMEH BACKGROUND

This section serves to summarize some general key features
of CTMEHs that are leveraged in the derivation of our power
harvest model as follows. A lossless circuit model of a general
CTMEH is shown in Fig. 3, where the secondary winding of
the CTMEH is connected to a constant dc voltage load through
a full bridge rectifier. This dc voltage load is representative of,
for example, a capacitive buffer at the input voltage rail of a
dc–dc converter for a sensor package, which is a practical use-
case for a CTMEH. Furthermore, recent literature has demon-
strated that CTMEHs exhibit maximum power harvest operat-
ing points that are less sensitive to primary current variations
when the secondary is dc voltage loaded rather than resistively
loaded [28]. Our previous work has validated a SPICE model for
the hybrid CTMEH under resistive loading conditions [27]. The
SPICE model can be a useful tool for exploring the effects of
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Fig. 4. Typical CTMEH circuit waveforms in unsaturated operation.

unconventional or transient load conditions. This analysis in this
article is focused on “steady-state” dc voltage load behavior, as
the buffered dc voltage load is relatively constant on a cycle-by-
cycle basis of input current iIN(t) in many applications.

The main components of the CTMEH harvester are an ideal
CT in parallel with a nonlinear magnetizing inductance. This
nonlinear inductance is how we describe the saturating behavior
of the harvester core so that load current, and thus power harvest
can be calculated. The input current source iIN(t) is simply the
current flowing through the primary wire divided according to
the turns ratio of the CT. The magnetizing inductance swings
between linear, unsaturated operation and nonlinear, saturated
operation within each half cycle of input current, depending on
the primary current conditions and the VLOAD value connected to
the core secondary winding. Our goal is to quantify the average
power delivered to the dc voltage load as a function of harvesting
setup conditions (e.g., IP , ω), load conditions (e.g., VLOAD), and
harvester design parameters (e.g.,μeff,BSAT, secondary turnsN ,
geometry). Therefore, an accurate description of the saturation
timing of the magnetizing inductance and the current flowing
through the magnetizing inductance iμ(t) is needed such that
iLOAD(t) can be expressed. Before diving into the mathematics
of our nonlinear power harvest derivation, it is useful to first
present and discuss the operating waveforms of the CTMEH
circuit model depicted in Fig. 3. The circuit waveforms illustrate
the key unknowns necessary to solve for CTMEH average power
harvest calculations and highlight the distinction between an
“unsaturated” and “saturated” core in this energy harvesting
context.

Figs. 4 and 5 show simulated, typical circuit waveforms of
a CTMEH terminated with a full bridge rectifier and constant
dc voltage load. The power “transfer window,” coined in [11],
is the portion of a half cycle of input current over which the
secondary current iSEC(t) [and thus iLOAD(t)] is nonzero. In un-
saturated operation, the magnetizing inductance of the CTMEH
is large and essentially constant. The transfer window length
tCLOSE − tOPEN is equal to a full T/2, with tOPEN preceding
the zero crossing of the input current by some small δ time
period and tCLOSE preceding T/2 by that same δ. Conversely, in

Fig. 5. Typical CTMEH circuit waveforms in saturated operation.

saturated operation, the system is highly nonlinear. For the same
input current, the transfer window length is notable shorter than
a full T/2 half-cycle, as the magnetizing inductance becomes
sufficiently saturated at tCLOSE such that all of the input current
begins to flow down the low impedance branch of the saturated
magnetizing inductance, which acts as a short circuit. As a
result, iμ(t) = iIN(t), and thus no current flows to the load
until the core begins to exit saturation at the transfer window
opening of the next half cycle. These waveforms illustrate sev-
eral key features of the CTMEH circuit, which we refer to as
“Observations.”

1) In both unsaturated and saturated operation.
Observation 1: During the transfer window, one half of
the full bridge rectifier is conducting, and thus the core
voltage vμ(t) = VLOAD + 2Vd.
Observation 2: At the opening of the transfer window, the
input current and magnetizing current are equal and begin
to diverge: iIN(tOPEN) = iμ(tOPEN).
Observation 3: At the closing of the transfer window,
the input current and magnetizing current are equal:
iIN(tCLOSE) = iμ(tCLOSE).

2) In saturated operation only.
Observation 4: At the opening of the transfer window,
the time derivatives of the input current and magnetizing
current are equal: ∂iµ(t)

∂t |t=tOPEN = ∂iIN(t)
∂t |t=tOPEN .

3) In unsaturated operation only.
Observation 5: The transfer window length is a full T/2
long: tCLOSE − tOPEN = T

2 .
Observation 6: When tOPEN precedes the t = 0 zero
crossing of the input current by some δ, tCLOSE precedes
t = T/2 by the same δ.

These observations prove very powerful for providing additional
equations and initial conditions necessary for solving the non-
linear power harvest model presented in the next section. These
features of the CTMEH circuit, coupled with Faraday’s law,
provide sufficient tools for solving for the bounds of the transfer
window, the core magnetizing current, and the resulting average
power harvest as a function of the voltage load level and of
harvester design parameters.
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III. POWER HARVEST ANALYSIS

This section derives the average power harvest of a hybrid
CTMEH. The overarching structure of our existing single-core
CTMEH analysis method in [12] provides a logical basis for
the derivation, but the hybrid harvester’s cross-sectional in-
homogeneity, multiple nonlinear flux density expressions, and
resulting formula required for analyzing the hybrid, multicore
harvester are novel. For succinctness and validation with prac-
tical experimental cores, the following derivation confines the
general n−material hybrid core to a three-material hybrid core
design of an inner magnetic material, a portion of air core, and an
outer magnetic material. The general expression for the average
power harvest of a CTMEH is

PLOAD =
2

T

∫ tCLOSE

tOPEN

pLOAD(t) dt (1)

whereT is the period of primary current waveform, andpLOAD(t)
is the instantaneous power delivered to the load on the CTMEH
secondary winding. As introduced in Section II, variables tOPEN

and tCLOSE represent the opening and closing time respectively of
the power transfer window during a half cycle of primary current
over which the hybrid core magnetizing inductance is relatively
unsaturated and delivering nonzero current to the secondary
load.

Under constant voltage load conditions shown in Fig. 3, (1)
can be rewritten as

PLOAD =
2

T

∫ tCLOSE

tOPEN

iLOAD(t) · VLOAD dt (2)

where the constant load voltage can now be extracted from the
integral, and iLOAD(t) can be expressed in terms of input current
and magnetizing current according to Kirchhoff’s current law

PLOAD =
2VLOAD

T

∫ tCLOSE

tOPEN

[iIN(t)− iμ(t)] dt (3)

where we recognize that to predict PLOAD for a given VLOAD, we
have three unknowns: tOPEN, tCLOSE, and iμ(t) over the transfer
window. The next three sections carry out detailed derivations to
solve for each of these key variables as a function of the harvester
design and circuit parameters. Our proposed general procedure
first solves for the transfer window bounds under the assumption
that the core is saturated. If the solutions yield a transfer window
length that is not shorter than T/2, then the solutions are incon-
sistent with saturation behavior, and the bounds are recalculated
under different, unsaturated assumptions in accordance with
observations 5 and 6.

A. Solving for tOPEN

From Faraday’s law

vμ(tOPEN) =
∂λ(t)

∂t

∣∣∣
t=tOPEN

(4)

where λ is the total flux linkage of the CTMEH secondary
winding. The total flux linkage of our N -turn, three-material

hybrid CTMEH is

λ(t) = N h

[∫ r1

r0

�BIN(t) · d�r

+

∫ r2

r1

�BAIR(t) · d�r

+

∫ r3

r2

�BOUT(t) · d�r
]

(5)

where we assume the flux density does not vary with signifi-
cantly with r inside the regions of the hybrid core that are the
same material [27]. Thus, (5) can be simplified as

λ(t) = N h [(r1 − r0)BIN(t)

+ (r2 − r1)BAIR(t)

+ (r3 − r2)BOUT(t)] . (6)

This simplifying assumption of uniform flux density within the
same core material is a potential source of error for more com-
plex harvester geometries. In such cases, a designer should more
finely discretize the radial flux density integral, perhaps even
within the same core material, to smaller regions over which the
homogeneous flux density assumption accurately holds. In the
limit, one essentially creates a fine 1-D finite element mesh of the
radial geometry, but simplifying assumptions ofB(t) uniformity
within the same material yield a reduced order model that is
convenient for efficient analysis. According to observation 1, at
t = tOPEN the load current is just beginning to become nonzero,
and therefore two of the diodes in the full bridge rectifier are
conducting. The magnetizing inductance voltage is thus

vμ(tOPEN) = VLOAD + 2Vd. (7)

Combining (4), (6), and (7) gives

VLOAD + 2Vd = N h
∂

∂t
[(r1 − r0)BIN(t)

+ (r2 − r1)BAIR(t)

+ (r3 − r2)BOUT(t)]
∣∣∣
t=tOPEN

(8)

where we can now distribute the partial derivative to each B(t)
term since the derivative is a linear operator

VLOAD + 2Vd = N h

[
(r1 − r0)

∂BIN(t)

∂t

+ (r2 − r1)
∂BAIR(t)

∂t

+ (r3 − r2)
∂BOUT(t)

∂t

] ∣∣∣
t=tOPEN

(9)

where a flux density formula should be plugged into each B(t)
term in (9). Our previous work has discussed the details of
mapping sigmoid functions, the family of “S-shaped” curves
to B −H magnetization curves for the purpose of describing
highly nonlinear saturating core behavior [27]. Since this article
focuses on deriving analytical formula from which key CTMEH
power harvest variables (tOPEN, tCLOSE, iμ(t)) can be solved, we
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also emphasize that this function be differentiable such that each
B(t) term can be analytically differentiated when plugged into
(9). Specifically, we use

BIN(t) = BSAT1
2

π
arctan

(
πNμeff1μ0

2 lIN BSAT1
iμ(t)

)
(10)

BAIR(t) = μ0
N

lAIR
iμ(t) (11)

BOUT(t) = BSAT2
2

π
arctan

(
πNμeff2μ0

2 lOUT BSAT2
iμ(t)

)
(12)

as our flux density functions, where lIN, lAIR, and lOUT are the
mean magnetic path lengths of the inner core, air region, and
outer core, respectively. We consider effective initial relative
permeabilityμeff and saturation flux densityBSAT to be constant;
however, it is important to note that such properties may vary as a
function of practical environmental conditions, such as temper-
ature. “High performing” CTMEH materials (e.g., si-steel [29]
and nanocrystalline alloys [29], [30]) have Curie temperatures
well above 500°C, and thus the thermal limitations of down-
stream circuitry, such as supercapacitors and integrated circuits,
are the system elements limiting the appropriate operating range
for practical CTMEH systems. Within this limited temperature
range, a designer should reference appropriate core material
specification sheets (e.g., VAC VITROPERM 500/800 [30])
to update material property parameters accordingly for refined
modeling. Our chosen, nonlinear B(t) arctangent function has
been validated in many previous works [11], [12], [23], [27]
and is conveniently differentiable for our following analysis.
Plugging (10), (11), and (12) into (9) and carrying out the
differentiation gives

VLOAD + 2Vd =

N h

[
(r1 − r0)

(
μeff1μ0N

lIN

1 + (iμ(t))2(
πμeff1μ0N
2 lINBSAT1

)2
∂iμ(t)

∂t

)∣∣∣
t=tOPEN

+ (r2 − r1)
μ0N

lAIR

(
∂iμ(t)

∂t

) ∣∣∣
t=tOPEN

+ (r3 − r2)

(
μeff2μ0N

lOUT

1 + (iμ(t))2(
πμeff2μ0N
2 lOUTBSAT2

)2
∂iμ(t)

∂t

)∣∣∣
t=tOPEN

]
.

(13)

Here, we can leverage observations 2 and 4 to reduce number
of unknowns in (13). Specifically at t = tOPEN in the saturated
case, both the magnetizing current and its time derivative are
equal to the input current and the input current’s time derivative
respectively. Mathematically, we have

iμ(tOPEN) = iIN(tOPEN) =
IP
N

sin(ωtOPEN) (14)

∂iμ(t)

∂t

∣∣∣
t=tOPEN

=
∂iIN(t)

∂t

∣∣∣
t=tOPEN

= ω
IP
N

cos(ωtOPEN) (15)

which allows the iμ(t) and ∂iμ(t)/∂t terms to be expressed
purely in terms of primary side current information (IP , ω) and a
design variable (N ), the number of secondary turns. Substituting
(14) and (15) into (13) gives

VLOAD + 2Vd =

N h

[
(r1 − r0)

μeff1μ0

lIN
ωIP cos(ωtOPEN)

1 + ( IPN sin(ωtOPEN))2(
πμeff1μ0N
2 lINBSAT1

)2

+ (r2 − r1)
μ0

lAIR
ωIP cos(ωtOPEN)

+ (r3 − r2)

μeff2μ0

lOUT
ωIP cos(ωtOPEN)

1 + ( IPN sin(ωtOPEN))2(
πμeff2μ0N
2 lOUTBSAT2

)2

]
(16)

a single equation with one unknown, tOPEN. (16) is a transcen-
dental equation with no closed form solution for tOPEN, but this
equation can be solved numerically to get an accurate estimate
of the transfer window opening time.

After obtaining a solution for tOPEN, we can recognize that
iμ(tOPEN) is now also a known numerical quantity, since, ac-
cording to observation 2, the magnetizing current and input
current are equal at t = tOPEN. Furthermore, our three flux
density expressions [BIN(t), BAIR(t), and BOUT(t)] given in
(10)–(12) respectively are functions of iμ(t), core design and
material parameters, and primary side current information. Thus,
at this stage of the derivation, since iμ(tOPEN) is known, then
BIN(tOPEN),BAIR(tOPEN), andBOUT(tOPEN) are all known quan-
tities. This observation proves very useful, as it will allow for
the reduction of unknown terms in the equation for solving for
the closing time of the power transfer window.

B. Solving for tCLOSE

Expressing Faraday’s law in terms of core voltage integration
gives

Δλ = λ(tCLOSE)− λ(tOPEN) =

∫ tCLOSE

tOPEN

vμ(t) dt. (17)

According to observation 1, the core voltage over the transfer
window vμ(t) is approximately constant and equal to the dc
voltage load plus 2 rectifier diode forward voltage drops. The
λ(tCLOSE) and λ(tOPEN) of (17) can also be alternatively ex-
pressed in terms of harvester geometry (ri, h), secondary turns,
and flux density expressions. Therefore, (17) can be rewritten as

N h

{[
(r1 − r0)BIN(tCLOSE)

+ (r2 − r1)BAIR(tCLOSE)

+ (r3 − r2)BOUT(tCLOSE)
]

−[
(r1 − r0)BIN(tOPEN)

+ (r2 − r1)BAIR(tOPEN)
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+ (r3 − r2)BOUT(tOPEN)
]}

= (VLOAD + 2Vd)(tCLOSE − tOPEN). (18)

Here, it should be emphasized that each of the flux density terms
at tOPEN are known at this stage of the derivation, as discussed
at the end of Section III-A. To condense terms we will call[

(r1 − r0)BIN(tOPEN)

+ (r2 − r1)BAIR(tOPEN)

+ (r3 − r2)BOUT(tOPEN)
]

= COPEN. (19)

Expressing each B(tCLOSE) term as its arctangent flux den-
sity description and employing observation 3 to represent
iμ(tCLOSE) = iIN(tCLOSE) =

IP
N sin(ωtCLOSE) purely in terms of

primary side information gives

N h

{[
(r1 − r0)BSAT1

2

π
arctan

(
πμeff1μ0IP
2lINBSAT1

sin(ωtCLOSE)

)

+ (r2 − r1)
μ0IP
lAIR

sin(ωtCLOSE)

+ (r3 − r2)BSAT2
2

π
arctan

(
πμeff2μ0IP
2lOUTBSAT2

sin(ωtCLOSE)

)]

− COPEN

}

= (VLOAD + 2Vd)(tCLOSE − tOPEN). (20)

Here, (20) has one unknown, tCLOSE, as desired, but (20) is
also a transcendental equation with no closed form solution.
Again, a numerical solver can approximate a valid solution
for tCLOSE according to (20). At this point, the bounds of the
transfer window have been solved assuming the core underwent
saturation in the half cycle of primary current. Before proceeding
to a calculation of magnetizing current and resulting average
power harvest, one must first check that the core was in fact
saturated.

C. Unsaturated Solutions

In the event that the above-mentioned solutions yield a transfer
window length tCLOSE − tOPEN ≥ T

2 , then our transfer window
solution bounds violate the assumption that the core was satu-
rated. Therefore, the transfer window bounds must be resolved
for under different assumptions, exploiting the unsaturated Ob-
servations presented previously in Section II. According to
observation 5, an unsaturated transfer window length is a full
half cycle long

tCLOSE − tOPEN =
T

2
. (21)

Furthermore, as stated in observation 6, if tOPEN precedes t = 0
by some δ, then tCLOSE precedes t = T/2 by that same δ as
the unsaturated core operates in a half wave symmetric fashion.

Thus, in the unsaturated regime

iμ(tOPEN) = −iμ(tCLOSE) (22)

⇒ B(tOPEN) = −B(tCLOSE) (23)

⇒ λ(tOPEN) = −λ(tCLOSE). (24)

Under these new assumptions, Faraday’s law can be rewritten
as follows:

Δλ = λ(tCLOSE)− λ(tOPEN) =

∫ tCLOSE

tOPEN

vμ(t) dt

⇒ −2λ(tOPEN) = (VLOAD + 2Vd)

(
T

2

)
. (25)

Re-expressing (25) in terms of flux densities gives

−N h
[
(r1 − r0)BIN(tOPEN)

+ (r2 − r1)BAIR(tOPEN)

+ (r3 − r2)BOUT(tOPEN)
]

= (VLOAD + 2Vd)

(
T

4

)
(26)

and substituting our arctangent descriptions for the flux density
terms yields

−N h

[
(r1 − r0)BSAT1

2

π
arctan

(
πNμeff1μ0

2 lIN BSAT1
iμ(tOPEN)

)

+ (r2 − r1)μ0
N

lAIR
iμ(tOPEN)

+ (r3 − r2)BSAT2
2

π
arctan

(
πNμeff2μ0

2 lOUT BSAT2
iμ(tOPEN)

)]

= (VLOAD + 2Vd)

(
T

4

)
. (27)

According to observation 2, in either unsaturated or saturated
operation the magnetizing current and input current are equal at
t = tOPEN

iμ(tOPEN) = iIN(tOPEN) =
IP
N

sin(ωtOPEN). (28)

Substituting (28) into (27) gives the following one equation with
a single unknown, tOPEN:

−N h

[
(r1 − r0)BSAT1

2

π
arctan

(
πμeff1μ0IP
2 lIN BSAT1

sin(ωtOPEN)

)

+ (r2 − r1)μ0
N

lAIR
iμ(tOPEN)

+ (r3 − r2)BSAT2
2

π
arctan

(
πμeff2μ0IP
2 lOUT BSAT2

sin(ωtOPEN)

)]

= (VLOAD + 2Vd)

(
T

4

)
. (29)

Once again, a numerical solver can solve the above-mentioned
equation for tOPEN in the unsaturated case. Since we are in
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unsaturated operation, tCLOSE is simply tOPEN + T/2 according
to observation 5.

D. Solving for iμ(t)

With the bounds of the transfer window now known, the
remaining task is to solve for the magnetizing current over the
transfer window. Observation 1 states that vμ = VLOAD + 2Vd

over the transfer window. Generally, according to Faraday’s law

vμ(t) =
∂λ(t)

∂t
. (30)

The partial derivative of the flux linkage, specifically at tOPEN,
was already evaluated in (13) previously, but can now be ex-
pressed more generally in time

VLOAD + 2Vd =

N h

[
(r1 − r0)

μeff1μ0N
lIN

1 + (iμ(t))2(
πμeff1μ0N
2 lINBSAT1

)2
∂iμ(t)

∂t

+ (r2 − r1)
μ0N

lAIR

(
∂iμ(t)

∂t

)

+ (r3 − r2)

μeff2μ0N
lOUT

1 + (iμ(t))2(
πμeff2μ0N
2 lOUTBSAT2

)2
∂iμ(t)

∂t

]
. (31)

Equation (31) is a first order nonlinear ordinary differential equa-
tion (ODE) for iμ(t) over the transfer window. Observation 2
provides the following initial condition:

iμ(tOPEN) = iIN(tOPEN) =
IP
N

sin(ωtOPEN) (32)

to solve for iμ(t) over the transfer window. This nonlinear ODE
can be solved using numerical tools, such that the solution can
be integrated numerically in our final power harvest calculation
described in Section III-E.

E. Average Power Harvest

With solutions for tOPEN, tCLOSE, and an expression with an
initial condition for iμ(t) over the transfer window, a designer
now has all the information necessary to numerically calculate
the CTMEH average power harvest according to (3). Splitting
the integration of the current difference as written in (3) into a
difference of integrated currents gives

PLOAD =
2VLOAD

T

[∫ tCLOSE

tOPEN

iIN(t) dt−
∫ tCLOSE

tOPEN

iμ(t) dt

]
.

(33)

The input current is simply the primary current divided by the
turns ratio of the CTMEH. Substituting in yields

PLOAD =
2VLOAD

T

[∫ tCLOSE

tOPEN

IP
N

sin(ωt) dt (34)

−
∫ tCLOSE

tOPEN

iμ(t) dt

]
(35)

where the first integral can be explicitly calculated analytically.
Carrying out that integration we have a key result

PLOAD =
2VLOAD

T

[
1

ω

IP
N

(cos(ωtOPEN)− cos(ωtCLOSE))

−
∫ tCLOSE

tOPEN

iμ(t) dt

]
. (36)

At this final stage, iμ(t) can be integrated numerically from
tOPEN to tCLOSE using the ODE of (31) and its initial condition
(32) to obtain a final, average power harvest calculation.

Our proposed analytical model presented in this section is a
useful tool for quickly predicting the average power harvest of
a saturating, hybrid CTMEH over a wide voltage load sweep.
Contrary to running a full, nonlinear time-domain numerical
circuit simulation or 3-D finite element method solver to model
power harvest, our framework reduces the saturating CTMEH
problem to a few nonlinear numerical solves and one final nu-
merical integration to solve for average power harvest using (36).
This model reduction is especially useful for optimization-based
hybrid CTMEH design as it can significantly shorten the total
design cycle time when evaluating very many proposed CTMEH
design variants.

IV. MODEL REFINEMENTS

The modeling of Section III provides great utility to a CTMEH
designer. Building from the multiterm flux description of (6), we
derived and solved for the resulting PLOAD of a hybrid harvester
design with a limited system of equations and few numerical
solves. In addition, one can employ a nonlinear flux description
of the form of (6) in SPICE to augment the modeling process
for a more refined design. Parasitic elements, for example,
such core losses, fringing fields, and leakage inductance, are
not captured in our modeling of Section III previously and are
therefore potential sources of error. Numerical SPICE tools are
an excellent means of supplementing the reduced order analysis
of Section III to further sharpen designs including parasitic
elements and also to easily test different B −H magnetization
curve sigmoid functions using nonlinear inductor models.

A circuit model, including loss elements, of a CTMEH is
shown in Fig. 6, where a generic “load” is shown across the
harvester secondary winding. RCORE, LLEAK, and RWIRE rep-
resent the equivalent core loss resistance, leakage inductance,
and secondary winding dc wire resistance, respectively. Our
recent publication implemented this circuit model in SPICE
using multiterm flux descriptions in the form of (6) and validated
the circuit model against experimental hybrid core designs under
a variety of resistive load conditions [27]. SPICE modeling of
a hybrid CTMEH circuit enables the inclusion and sweeping of
parasitic parameters as well as the ability to test the CTMEH
circuit with more complex, power electronic secondary loads
or under unconventional, varying, or multifrequency primary
current excitations. Such modeling is also a reliable means of
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Fig. 6. Electric circuit model of CTMEH including parasitics.

TABLE II
EXPERIMENTAL HARVESTER PARAMETERS

exploring the sensitivity of power harvest to design parameters,
such asμeff. For example, our existing work employed the hybrid
core SPICE model to reveal the importance of modeling core loss
at “low” primary currents, the high sensitivity of power harvest to
μeff at low primary currents, and the competing accuracies of the
tanh(x) versus arctan(x) nonlinear flux descriptions for hybrid
core modeling [27]. Similarly, a designer could use the SPICE
model to sweep leakage inductance and saturation flux density
to explore their relative effects on resulting power harvest. In
summary, our analytical model that is the primary focus of this
article provides a fast and accurate means of approximating
the power harvest of a given design, and SPICE modeling can
augment the design process to tune a coarser design for capturing
the effects of parasitic elements.

V. EXPERIMENTAL VALIDATION

Two hybrid cores, denoted “H1” and “H2” were constructed
to validate our power harvest model and demonstrate harvester
performance of each hybrid core design. The hybrid harvesters
were assembled from concentric, split toroids: one si-steel and
one nanocrystalline alloy, with a small air core region between
these inner and outer cores, yielding “three-material” experi-
mental harvesters. The hybrid harvester designs are identical
to each other aside from the ordering of the inner and outer
magnetic materials in the hybrid assembly. The experimental
harvester details are included in Table II.

Each hybrid harvester was tightly clamped around 1 turn of
a primary wire for power harvest experimentation. A KEPCO
BOP-MG power supply, configured as a current source, provided
a 60 Hz ac sinusoidal current through the primary wire. Each
harvester was tested at primary current levels of 5.0, 10.0,
20.0, 30.0, and 50.0 Arms. The harvester secondary winding was
terminated with a full bridge rectifier of four discrete MBR0520

Fig. 7. Annotated photograph of CTMEH experimental setup.

Schottky diodes followed by a dc voltage load. A loaded Agilent
U8032A dc power supply acted as the dc voltage load, and
the dc voltage was swept over a wide range at each primary
current level to subject the core to varying degrees of saturation.
A Keysight InfiniiVision DSOX4154A oscilloscope was used
for the primary current and output load power measurements.
Output power measurements (load voltage and load current)
were made on the dc side of the rectifier stage, with one
oscilloscope channel measuring the dc load voltage level and
another oscilloscope channel measuring load current through a
low-side current sense resistor. An annotated photograph of the
experimental setup is shown in Fig. 7.

Our proposed analytical model was implemented in Python,
using standard SciPy library functions to perform the necessary
nonlinear numerical solves and integration for calculating aver-
age power harvest PLOAD. Since our analytical model requires
a few numerical solves, we refer to it as the “semianalyti-
cal model” in our results of this section. This semianalytical
power harvest model was run for a wide sweep of VLOAD

levels, predicting a PLOAD for each VLOAD along the sweep
for validation against experimental data. In the modeling, the
rectifier diode forward voltage drop parameter Vd was varied
based on the VLOAD level to account for the significant reduc-
tion in average forward current carried through the rectifier at
higher VLOAD values that drive the core into more aggressive
saturation. The harvester magnetic material parameters used in
our modeling are recorded in Table III, where μeff parameters
were varied within nominal ranges depending on the primary
current test level to yield good agreement with experimental
data.
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Fig. 8. Experimental power harvest data for both the H1 and H2 harvesters agrees well with the predictions of the mathematical model over a wide primary
current range.

TABLE III
SEMIANALYTICAL MODEL MAGNETIC PARAMETERS

Fig. 8 shows the strong modeling agreement between the
semianalytical model and experimental power harvest data for
hybrid H1 and hybrid H2 at the 20.0, 30.0, and 50.0 Arms

primary current conditions. The maximum percent errors of
each dataset, defined with respect to the experimental PLOAD

values are recorded in Table IV. These results demonstrate the
accuracy and reliability of the proposed semianalytical model
for describing nonlinear, saturating, hybrid CTMEH behavior
across a wide primary current range.

TABLE IV
MAXIMUM PERCENT ERROR BETWEEN SEMIANALYTICAL MODEL AVERAGE

POWER HARVEST AND EXPERIMENTAL AVERAGE POWER HARVEST

As discussed in Section IV and in our recent hybrid core publi-
cation [27], parasitic properties, such as core loss, and alternative
nonlinear sigmoid functions for describing saturation behavior,
such as hyperbolic tangent instead of arctangent, can become
critical for accurate power harvest modeling, especially at low
primary currents. This is because core loss contributes to a larger
fraction of the total average power harvest under low current
conditions and because the minor, nonlinear magnetization loop
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Fig. 9. Under lower current excitations, SPICE modeling incorporating core loss and a tanh(x) nonlinear inductance description more accurately describes the
saturating hybrid harvesters.

over which a CTMEH operates may be more accurately tracked
by an alternative sigmoid function depending on the primary
current conditions and chosen core materials.

Fig. 9 shows the results of the semianalytical model and
experimental power harvest for the “low” 5.0 and 10.0 Arms

primary current tests. In addition, Fig. 9 overlays a PLOAD curve
for the modeled average power harvest output of a CTMEH
SPICE simulation using the lossy circuit model described in
Section IV. Specifically, the SPICE simulations implemented
the nonlinear, saturating hybrid core inductance with hyperbolic
tangentB(t) functions, furtherμeff parameter value adjustments,
and a nonnegligible RCORE equivalent core loss resistance. Due
to the simplifying assumptions of our semianalytical model,
the maximum percent errors between the semianalytical model
and experimental power harvest, again defined with respect
to the experimental power harvest, grow significantly under
low current excitations. The maximum errors are 11.78% and
36.83% for H1 at the 10.0 and 5.0 Arms IP tests, respectively.
For H2, the maximum percent errors at 10.0 and 5.0 Arms are
14.18% and 20.04%, respectively. Alternatively, as proposed in
Section IV and consistent with our recent work [27], adjusting
the magnetization curve descriptions to hyperbolic tangent in
SPICE and incorporating an equivalent core loss resistance into
the model can correct for the simplified model’s disagreement.
As shown in Fig. 9, the power harvest of the lossy, refined SPICE
model better track the experimental data under these low current
conditions. The SPICE curves exhibit maximum percent errors
with respect to the experimental data of 5.80% and 9.27% for H1
and 6.37% and 9.41% for H2 at 10.0 and 5.0 Arms, respectively.

At each experimental IP , H1 outperforms H2 in terms of
maximum PLOAD. Consistent with existing literature [11], [12],
[23], each harvester exhibits aPLOAD that linearly increases with
VLOAD in the unsaturated regime at “low” voltage loads, aPLOAD

that decreases at larger voltage loads which deeply saturate the
core, and a maximumPLOAD in soft saturation, at a “Goldilocks”
VLOAD between the unsaturated and hard saturated voltage load
levels.

VI. DISCUSSION

This section further discusses the experimental results previ-
ously and addresses implications of hybrid core performance and
design. Although H1 outperforms H2 at all currents tested in the
experimental dataset, an interesting feature of these hybrid har-
vesters is the change in their comparative performance depend-
ing on the primary current operating condition. Our recent pub-
lication [27], presented a direct comparison of single-material
nanocrystalline and si-steel cores against hybrid core designs,
highlighting the ability of hybrid cores to harvest well over a
wide range of primary currents in contrast to the single-material
harvesters that only perform well within a limited range of
primary currents. A key, natural design question for a hybrid
CTMEH is the choice of ordering for the inner and outer core
materials. Should the “high μeff, low BSAT” material be the inner
core and the “low μeff, high BSAT” material be the outer core,
or vice versa? Our analysis and results indicate that the order of
materials is paramount at lower primary currents, but does not
have a significant effect on comparative performance at high
primary currents.
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Fig. 10. At very low primary currents, the H2 hybrid design out-harvests the
H1 design.

Fig. 11. At very high primary currents, the ordering of inner and outer core
materials in a hybrid design has little effect on average power harvest.

Recalling the simulation results of Table I, we observed that
the 9.5767 mW PMAX of H2 exceeded the 8.6917 mW PMAX

of H1 in an IP = 1.0 Arms simulation. At our 5.0, 10.0, 20.0,
30.0, and 50.0 Arms primary current experimental test conditions,
we saw H1 maximum power harvests that exceeded those of
H2, but with diminishing returns as IP increased. H1’s PMAX at
IP = 5.0 Arms was 128.65% that of H2, but became 110.82%
the maximum power harvest of H2 at 10.0 Arms. This ratio of
H1’s PMAX to H2’s PMAX continued to converge as H1 exhibited
108.58%, 106.18%, and 104.33% the maximum power of H2
at 20.0, 30.0, and 50.0 Arms, respectively. In our 100.0 Arms

simulation results of Table I, H1’s PMAX is merely 103.48%
H2’s PMAX, further exhibiting the trend to convergence between
the PMAX of the hybrid designs.

To further emphasize the effects of material ordering on power
harvest, two hybrid core designs of the same geometries and
configurations as described in Table II were simulated at a very
low IP = 0.5 A rms and a very high IP = 500.0 Arms primary
current condition using our semianalytical model validated in
Section V. The H1 model used magnetic material parameters of
μeff1 = 15 000, BSAT1 = 2.0 T, μeff2 = 30 000, BSAT2 = 1.2T.
The H2 model used magnetic material parameters of μeff1 =
30 000, BSAT1 = 1.2T, μeff2 = 15 000, BSAT2 = 2.0T. Fig. 10
overlays the simulated power harvest for each hybrid design
at the 0.5 Arms primary current excitation. We see that H2, the
hybrid design featuring a high μeff material as its inner core,

outperforms H1 at this low current excitation, where coupling
and thus high μeff in the shortest core flux path is critical to
harvester performance.

Fig. 11 alternatively shows the near identical performance of
the hybrid designs under a very large primary current excitation.
These experimental and simulation results are consistent with
the CTMEH magnetic material parameter intuition discussed
in Section I of this article. At “low” currents, coupling, and
thus high permeability, is essential. At “high” currents, high
saturation flux density designs yield the best power harvest. The
ordering of the core materials in a hybrid design, therefore, is
a key consideration at low currents. Alternatively, the material
ordering does not have a significant impact on power harvest
performance as primary currents grow very large.

VII. CONCLUSION

This article derived a nonlinear power harvest model for
hybrid magnetic energy harvesters. Detailed quantifications of
the bounds of the saturating harvester power transfer window and
the harvester magnetizing inductance current were expressed
in terms of harvester design parameters and magnetic mate-
rial parameters. The mathematical model was implemented in
Python and validated against experimental data for two hybrid,
multicore harvester designs constructed from different combi-
nations of nanocrystalline and si-steel split toroids. According
to experimental results, the ordering of inner and outer core
materials in a hybrid design does have a noticeable effect of
average power harvest, and this effect diminishes as primary
current excitations increase. This work presents a theoretical
framework within which we imagine designers can evaluate very
unconventional hybrid core designs, including even those that
may not be currently fabricable with contemporary manufac-
turing tools. Hybrid harvester designs exploring, for example,
gradual magnetic material variations along a radial gradient or
periodic stacks of magnetic materials could prove useful or
interesting for certain CTMEH applications.
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